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The class of k-trees has the property that the minimal sets of vertices separating two 
nonadjacent vertices u and v of a k-tree Q induce k-complete subgraphs. We show that the 
union T of these subgraphs belongs to a subclass of (k - 1)-trees which generalizes caterpillars. 
The maximum order of a monochromatic set of vertices in the optimal coloring of this 
(k-  1)-tree T determines the length of the minimal collection of k vertex-disjoint paths 
between the two vertices of Q, the u, v-cable, which is spanned on all vertices of T. 
I. Introduc/ion 
The class of connected acyclic graphs--trees---can be equivalently defined by 
the following recursive construction rule. A single vertex is a tree, and any tree T 
with n vertices (n > 1) can be constructed from a tree T '  with n -1  vertices by 
adding a new vertex and making it adjacent o a vertex of T'.  Generalizing this 
construction rule by allowing the base of the recursive growth to be a k-complet e 
graph (see, for instance, [1]) yields a new class of graphs. 
De luS ion  1.1. The class of k-trees is the set of all graphs that can be obtained by 
the following construction: (i) the k-complete graph, Kk, is a k-tree; (ii) to a 
k-tree Q '  with n -  1 vertices (n > k) add a new vertex adjacent o a k-complete 
subgraph of Q'.  In a given construction of a k-tree Q, the original k-complete 
subgraph is called the base of Q. 
In this paper, we use connectivity of a graph G for vertex-connectivity, i.e., the 
minimum number of vertices that have to be removed from G to disconnect i . A 
separator of G is a nonempty subset of vertices of G such that its removal 
disconnects the remainder of G. Similarly, for two nonadjacent vertices u and v 
of G, removal of the vertices of a u, v-separator disconnects u and v. 
In our presentation, we will make use of the natural partial order relation 
between the vertices of a k-tree with a distinguished base. This ordering has been 
introduced in [5] as an invariant of all recursive constructions of the k-tree. 
0012-365X/84/$3.00 © 1984, Elsevier Science Publishers B.V. (North-Holland) 
276 A. Proskurowski 
Definition 1.2. Two vertices u and v of a k-tree Q with the base subgraph B not 
containing v are ordered u < v iff in all recursive constructions of Q from B, v is 
added after u. If there is no other vertex w of Q for which u < w < v, then we call 
u a direct ancestor of v and v a direct descendant of u. 
A vertex v with no descendants i called a k-leaf (simplicial vertex, [2]). A 
perfect elimination scheme of "pruning the k-leaves," [7], reverses the partial 
order defined above, [5]. In a given k-tree Q, any k-complete subgraph can be 
used as the base of a recursive construction of Q. This can be easily proved by 
induction on the size of Q using the fact that any k-tree with more than k + 1 
vertices has at least two nonadjacent k-leaves, any of which can start a perfect 
elimination scheme ([2], [7]). 
Proposilion 1.3. Given a k-tree Q and any k-complete subgraph B of Q, Q can be 
constructed from B by the iterative method of Definiaon 1.1. 
Trees, which may be called 1-trees according to Definition 1.1, are obviously 
1-connected. The minimal subgraphs disconnecting a tree are single vertices. For 
two given vertices of a tree, the set of all vertices eparating them induces a path. 
These facts are trivial but they have a natural generalization for k-trees. Rosd [7] 
characterized k-trees by certain properties of minimal separators. He  has proved 
that the following facts hold for any k-tree and any pair of its nonadjacent 
vertices u and v. 
Fad  1.4 [7]. A subgraph induced by any minimal u, v-separator is a clique, Kk. 
Thus, k-trees are k-connected and there are k vertex-disjoint paths between 
vertices u and v. 
Fad  1.5 [7]. Every minimal u, v-separator is a minimal separator. 
Proposition 1.3 and the above Facts imply the following proposition. 
libtOlmsition 1.6. Given two nonadjacent vertices u and v of a k-tree Q, there exists 
a minimal u, v-separator S such that u is ad/acent o all vertices of S. 
The single vertices (K1) disconnecting a tree have thus been generalized to 
k-complete subgraphs disconnecting a k-tree. In a k-tree Q, the removal of a 
k-complete subgraph S does not disconnect Q if S contain a k-leaf, a vertex of 
degree k. All vertices in a minimal separator are of degree greater than k. 
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2. Caterpillars defined by separators 
In this section we determine properties of the subgraph induced by the union of 
all minimal u, v-separators for two given nonadjacent vertices u and v of a k-tree 
Q. We will use a generalization of the notion of a path introduced by Beineke and 
Pippert [1]. 
Definition 2.1. A k-path is an alternating sequence of distinct k- and (k + 1)- 
complete subgraphs, (co, q, e~, t 2 . . . . .  en)  , starting and ending with a Kk and such 
that t~ contains exactly two of the distinct k-complete subgraphs ej: e~_~ and e~ 
(l~<i~<n). 
In the above definition and in the following exposition we use mnemonics 
corresponding to the case of k = 2: 'e' stands for 'edge' (/(2) and 't' stands for 
'triangle' (K3), as illustrated in Fig. 1. 
Theorem 2.2. In a k-tree Q, the vertices o[ minimal subgraphs separating two 
nonadjacent vertices u and v induce a k-path. 
l~ f .  Consider a process of recursive construction of Q from the k-complete 
subgraph induced by the u, v-separator S completely adjacent o u (Proposition 
1.6). We will show the postulated property by induction on the number of 
applications of rule (ii) of Definition 1.1 that result in adding v during this 
process. If S is completely adjacent o v, then the k-path is trivial (eo=e,  is 
induced by S). Let us assume that the minimal u, y-separators induce a k-path 
when n - 1 recursive additions uffice to add y (n > 1) and consider the situation 
in which v is added in nth application of the rule (ii). Let vertex y be the (n - 1)st 
vertex added recursively to S in order to add v. By the inductive hypothesis, the 
u, y-separator S' completely adjacent o y induces the last k-complete subgraph 
en-1 of the postulated k-path. Now, v is adjacent o a u, v-separator S" consisting 
U 
Fig. 1. Separating subgraphs and the anatomy of a 2-path. 
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Fig. 2. Recursive construction f a k-path. 
of y and all but one of the vertices of S' (x in Fig. 2). Vertices S'U{y} induce a 
(k + 1)-complete subgraph t~ of Q containing also the k-complete subgraph e~ 
induced in Q by S". We have thus extended the k-path by t~ and e~ completing 
the proof. []  
In a k-path Q', each two consecutive k-complete subgraphs e~_ 1 and el 
(l~<i~<n) share k -1  completely connected vertices. Thus, the union of all 
k-complete subgraphs of a k-path Q' (the interior graph of Q', [4]) is a 
(k -1) - t ree .  The following Proposition expresses this property in terms of k- 
complete subgraphs of a k-tree Q induced by minimal u, v-separators. • 
Proposition 2.3. For two nonadjacent vertices u and v of a k-tree Q, the union of 
k-complete subgraphs eparating u and v is a (k -  1)-tree T. 
We now define a class of k-trees that generalizes the notion of caterpillars, 
trees which can be reduced to a path by deletion of all leaf-vertices, I-3]. 
l l~aaition 2.4. A k-caterpillar P is a k-tree in which the deletion of all k-leaves 
results in a k-path, called the body of P. A k-caterpillar P is an interior 
k-caterpillar (k-intercat, for short) if for any k-leaf v, v is adjacent o all vertices 
of some k-complete subgraph e~ of every longest k-path of P. 
Let us clarify the meaning of the latter concept. The name should communicate 
the fact that a 'hair' (a k-leaf) on the caterpillar's body is attached to a minimal 
separator of the body of P unless it could be viewed as an extension of the body 
('head' or 'tail'). Vertex z in Fig. 3(b) is such an extension while vertices x and y 
are not (Fig. 3(a)). 
Y 
Fig. 3. (a) A 2-caterpillar, nd (b) a 2-intercat. 
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For k = 2, it follows from earlier esearch [4] that the tree T of edges eparating 
two nonadjacent vertices of a 2-tree O is a caterpillar. Namely, T induces in 0 a 
maximal outerplanar graph with the interior graph which is a caterpillar. The 
following theorem extends this statement for general k >~2. 
"I'neorem 2.5. Given a k-tree Q (k /> 2) and two nonadjacent vertices u and v. The 
union T of k-complete graphs separating u and v is a (k - 1)-intercat. 
Proof 2.5. Let Q' = (e0, tl, ca, t2 . . . . .  e~) be the k-path induced by the union of 
minimal u, v-separators in Q. We have to explore adjacencies of the k-complete 
subgraphs e~ (which constitute T) through their (k -  1)-complete subgraphs. Let 
us consider an iterative construction of Q' from e0 (Proposition 1.3) which 
corresponds to a traversal of Q' from e0 towards e~. Adding a new vertex y 
completely adjacent o ca, 0<a<n (by rule (ii)) creates the (k+ 1)-complete 
subgraph ta+l of Q'. The subgraph ea+l is chosen by disregarding an appropriate 
vertex x of t~+~, x~k y (cf. vertices x and y of Fig. 2). Consider a subsequence of 
Q': Ca, to+a, e~+x, ta+2, ea+z. We assume that all elements of this sequence xist; in 
Fig. 5 the k-complete subgraphs are represented by dashed circles with distin- 
guished vertices. Obviously, two adjacent k-complete subgraphs of the sequence 
have exactly a (k -  1)-complete subgraph in common: eo -x  = e,,+x-y = Kk_l. Let 
us call this (k - 1)-complete subgraph p. The vertex 'dropped' while moving from 
e~+a to Ca+2 may be either y or a vertex in p. If y has been dropped then the three 
k-complete subgraphs of Q' (and of T) e~, co+l, e~+2 all share p. If we drop a 
vertex of p, then we have dropped second vertex of e~. Thus e~ cannot share a 
(k -  1)-complete subgraph with any e~, a+ 1 <j~<n. In general, if e~, e,,+l . . . . .  eb 
share p (1 ~< a <b<n)  but e~-a and eb+x do not, then no e~ (a < i< b) shares a 
(k -  1)-complete subgraph with any ej ( l~<j<a or b<j<~n).  Thus, ca, 19, and eb 
are in every longest (k -  1)-path of T. After all such subgraphs e~, eb have been 
identified, the only other k-complete subgraphs of T define (k -  1)-leaves adja- 
cent to separating (k-1)-complete subgraphs of T, such as p. Thus T is a 
(k-1)-intercat. [] 
In the proof above, all the k-complete subgraphs of T sharing a (k -1 ) -  
complete subgraph with e0 (or with e~) define (k-1)-complete subgraphs of 
longest (k -  1)-paths of T. 
3. Cables and cable distance in k-trees 
We are interested in the union of subgraphs induced by all minimal u, v- 
separators of a k-tree because of the implications that the structure of this graph 
has on values of the k-cable distance defined below. A necessary condition for 
k-connectivity of G is the existence of k vertex-disjoint paths between every pair 
of vertices of G. For two vertices u and v of a k-connected graph G we define a 
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Fig. 4. Two 2-cables between vertices u and o of a 2-tree. 
k-cable to be a collection of k vertex-disjoint u, v-paths. Given a k-connected 
graph G and two of its vertices, u and v, the length of a k-cable between u and v 
is the length of a longest of its paths. The k-cable distance between u and v is the 
length of a shortest k-cable C(u, v). (Fig. 4.) 
All vertices of a minimal u, v-separator (of size k) in a k-connected graph are 
contained in any collection of k vertex-disjoint u-v paths. Thus, any k-cable 
between two nonadjacent vertices u and v of a k-tree must use the vertices of all 
the minimal u, v-separators. Moreover, we will show that these separators deter- 
mine a unique minimal cable, C(u, v). 
Let us consider a k-tree Q, two of its nonadjacent vertices u and v, and. the 
(k - 1)-tree T of minimal subgraphs of Q separating u and v. We will use sizes of 
certain independent sets of vertices of T to characterize the lengths of the k 
vertex-disjoint paths of the minimal cable C(u, v). It is known that k-trees are 
(k + 1)-chromatic and any recursive construction of a k-tree defines the unique 
partition of its vertices into monochromatic sets. Let us call the coloring defined 
by this partition optimal. We will show that any path of the minimal cable C(u, v) 
connects vertices of the same color in the optimal coloring of the (k - 1)-tree T on 
which C(u, v) is spanned. 
Theorem 3.1. In a (k - 1)-tree T of minimal subgraphs eparating two nonadjacent 
vertices, u and v, of a k-tree Q, any path of the minimal cable C(u, v) is induced by 
vertices monochromatic in the optimal coloring of T. 
Proof. The coloring of T starts with k different colors assigned to the vertices of 
S, the minimal u, v-separator completely adjacent to u. The inductive step 
consists of considering the smallest (in terms of the partial ordering < in Q 
constructed from S) not yet colored vertex y ~<v adjacent to all vertices v'~, 
1 ~< i <~ k, of a minimal u, v-separator S' (cf. Fig. 2). If y = v, then the k mono- 
chromatic paths in Q are extended by edges connecting S' with v, thus completing 
the cable C(u, v). Otherwise, y has an immediate descendant z ~< v adjacent o all 
vertices of S' except for some v'~ = x, Then, y is assigned the color of x, and the 
edge x -y  in Q extends a path of C(u,v). The set S"={y}U{v'  I i~j} is also a 
minimal u, v-separator with all the vertices assigned ifferent colors. []  
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It follows from Theorem 3.1 that the k vertex-disjoint paths between u and v 
induced by the k-complete subgraphs eparating them are unique. We will now 
show that the vertices of minimal subgraphs eparating two nonadjacent vertices u 
and v of a k-tree Q not only induce a minimum length cable C(u, v), but also that 
C(u, v) is the unique minimal cable between the two vertices. 
Tl~eorem 3.2. Given a k-tree Q, two nonadjacent vertices u and v, and a k-cable 
C' between u and v. Each path P' of C' contains all vertices of some path P of the 
k-cable C(u, v) determined by the minimal u, v-separators. 
l~rooL Consider a minimal u, v-separator S' and a vertex y adjacent to all 
vertices v'i of S' and such that v'i < y ~< v (1 ~< i <~ k) in any recursive construction of 
Q from a base S, the minimal u, v-separator completely adjacent o u. Existence 
of such vertex y and subgraph S follows directly from Proposition 1.6. There is a 
.vertex v;=x of S' followed immediately by y on a path P of C(u, v). Let us 
assume that a path P'  of C' intersecting S' at x contains in its initial part 
(u . . . . .  x) all initial vertices of P, u . . . . .  x. This is dearly true if S '=  S. If y = v 
then the proof is complete. Otherwise, the k-complete subgraph S"= 
{y}t3{v'i[i~ ]} is also a u, v-separator and it intersects with P'  in exactly one 
vertex. As P'  cannot intersect a minimal separating subgraph S' in more than one 
vertex, the only vertex common to P'  and S" must be y. []  
The minimality of the cable C(u, v) defined by the vertices of subgraphs 
separating u and v shows that the cable determines the k-cable distance between 
u and v. 
Comll~ 3.3. The k-cable distance of two nonadjacent vertices u and v of a k-tree 
Q is equal to the length of the k-cable C(u, v) defined by the vertices of minimal 
subgraphs eparating u and v. 
Thus the k-cable distance is given by the size of the corresponding mono- 
chromatic set of T. 
q['aeorem 3.4. Given a k-tree Q, two of its nonadjacent vertices u and v, the 
(k -1 ) - t ree  T separating u and v, and the optimal coloring of T. The k-cable 
distance between u and v is equal to 2 plus the size of the largest monochromatic set 
of vertices of T. 
In the remainder of this section we discuss the influence that the structure of 
the union of minimal subgraphs separating two nonadjacent vertices of a k-tree Q 
has on the value of distance between these two vertices. 
Let us call a union of (k + 1)-complete graphs ~, k ~> 1, all sharing a k-complete 
subgraph p a k-star. It consists of a hub p and tips w =e~-p .  Fig. 5(a) shows a 
eo+l . , , . - - - - . .  
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Fig. 5. Possible adjacencies of k-complete subgraphs ina k-path. 
(k -1 ) - s ta r  with tips x, y, and z. Given a k-tree Q and its two nonadjacent 
vertices u and v, let us consider the k-path Q' induced by the union of minimal 
u, v-separators (Theorem 2.5). Let a and b be subscripts of k-complete subgraphs 
of Q'  that all share the same (k -  1)-complete subgraph. Then, the subgraphs el 
(a~i6b)  constitute a (k -1 ) -s tar .  By Theorem 3.1, the tips of the star (for 
a < i< b, the (k -  1)-leaves of T, the union of minimal u, v-separators) all lie on 
one path of the cable C(u, v). Each nontrivial (k -  1)-star (with more than, two 
tips) causes a bulge on the corresponding path p, where the tips of the star are 
spanned by a nontrivial subpath of p. This fact implies the following sufficient, but 
not necessary, condition for the cable distance to deviate from the shortest path 
distance. 
Proimsidon 3.$. The k-cable distance between two vertices u and v of a k-tree O is 
greater than their shortest path distance if the caterpillar T of the k-complete 
subgraphs eparating u and v has a (k -  1)-star with more than three tips. 
282 A. Proskumwski 
Fig. 6. Paths of a cable and the corresponding stars of its caterpillar. 
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Proot. The shortest distance between tips of a (k -1) -s tar  is obviously two 
(through any vertex of the hub). Along the path affected by the bulge, the 
distance between the extreme tips ('wa' and 'Wb') is greater than two. Thus, the 
length of this path, and also the cable distance, is greater than the shortest 
distance between u and v. []  
A 3-cable spanned on the caterpillar in Fig. 3(b) is given in Fig. 6, where the 
2-tree of minimal u, v-separators i isomorphic to the graph in Fig. 3(b). Notice 
the nontrivial stars of the 2-caterpillar causing bulges on path 1. 
The defined cable distance is but one of the possible measures of a cable's 
length. Other definitions may include parameters such as the length of its shortest 
path or the sum of the lengths of all its paths. Neither of these cables distances is 
equivalent o the shortest path distance. They all may give alternative distance 
measures reflecting connectivity conditions. 
4. Finding the separating intercat 
Some properties of k-trees are often reflected in the marked trees [6] represent- 
ing them. For a k-tree Q with base S, a marked tree M(Q, S) is a partial graph of 
relation < (Definition 1.2) on vertices of Q. To avoid confusion, we will call 
elements of the vertex set of M(Q, S) nodes. The non-root nodes of M(Q, S) 
represent non-basic vertices of Q, and are marked by the color assigned to the 
corresponding vertices in the optimal coloring of Q. Two nodes are adjacent if 
and only if they are in direct descendant-ancestor relation. The root of M(Q, S) 
corresponds to S and is adjacent o nodes representing vertices of Q completely 
adjacent o S. Given a marked tree representing a k-path Q = <e0, ta . . . .  , t,, e~) 
with e0 as the base, it is easy to construct a marked tree representing the 
(k - 1)-intercat T which separates vertices u and v completely adjacent o e0 and 
en, respectively. Let S'=eoNel. The marked tree M(T, S') is given by the 
following algorithm (which is based on the 'k-cable distance' Algorithm 3 of [6]). 
It recovers vertices of the cable C(u, v) by 'pruning' M(Q, e0) and marks the 
nodes of M(T, S') according to the paths of which they are members in C(u, v). 
Algorithm 4.1. 
Input. Marked tree representation of k-path Q =(Co, q , . . . ,  t~, e~), n I> 1. 
Output. Marked tree R representing the (k - 1)-tree which separates vertices u 
and v completely adjacent o eo and e,, respectively. 
Method. {Let p be the current node in Q, C be the array of paths in C(u, v), E 
be the array of end-nodes of the partially determined cable, and c be the color 
not represented by nodes in E.} 
Enter nodes representing the vertices of e,, into C, E, and R;  
In R, place these nodes on a path in the order they are in M(Q, Co) and mark them 
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with k colors; c becomes the (k + 1)st color; 
Set p to point to the last node (without descendants) of M(Q, e0); 
While p is not in el do 
extend the path to p in C by p's youngest ancestor q marked c in M(Q, e0); 
create a node in R corresponding to q and assign to it the color of its path; 
if p is a direct descendant of q in M(Q, eo) 
then make q a brother of p 
else make q the father of p; 
substitute q for p in E, assign to c the color of p; 
set p to point to the father of p (in M(Q, eo)); 
{end while} 
Create the root of R and attach to it the rest of R; 
Create another direct descendant of the root and mark it by the color of its 
brother(s). 
{End of Algorithm 4.1} 
An algorithm computing the shortest-path distance between two vertices of a 
k-tree O using marked tree representation f Q is given in [6]. 
5. Smnmary 
We have investigated k-cables, the collections of k vertex-disjoint paths 
between two vertices of k-trees. Minimal k-cables generalize the notion of a path 
and determine the introduced k-cable distance between vertices. Such minimal 
cables consist solely of vertices of minimal subgraphs separating two nonadjacent 
vertices of a k-tree. The union of all these subgraphs i a special form of a k-tree, 
namely a (k - 1)-internal caterpillar. This class of graphs generalizes the notion of 
caterpillars and may give a host of related results. In a forthcoming paper we will 
characterize the internal graphs of k-trees in terms of (k-1)-caterpillars. 
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